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Abstract
Roberts spaces were the first examples of compact convex subsets of Hausdorff topological vector
spaces (HTVS) where the Krein–Milman theorem fails. Because of this exotic quality they were
candidates for a counterexample to Schauder’s conjecture: any compact convex subset of a HTVS
has the fixed point property. However, extending the notion of admissible subsets in HTVS of Klee
[Math. Ann. 141 (1960) 286–296], Ngu [Topology Appl. 68 (1996) 1–12] showed the fixed point
property for a class of spaces, including the Roberts spaces, he called weakly admissible spaces. We
prove the Kakutani fixed point theorem for this class and apply it to show the non-linear alternative
for weakly admissible spaces.
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1. Introduction and notation
In 1935 Tychonoff [28] showed that any compact convex subset K of a locally convex
HTVS enjoys the fixed point property, i.e., any continuous f :K → K has a fixed point
x = f (x). Schauder [27] tried to prove this without local convexity. For the fixed point
people these two papers can be considered as the birthday of local convexity. Up to now it
is unknown whether Tychonoff’s result holds for arbitrary HTVS. This problem is known
as Schauder’s conjecture, see the Scottish Book [15, Problem 54]. From an analytical point
of view and related to Problem 54 the difference between locally and non-locally convex
spaces turns out to be that any compact subset of a locally convex X admits arbitrarily
small continuous displacements into finite-dimensional subspaces of X. In general such an
approximation need not exist, see the famous counterexample of Cauty [1].
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In 1960 Klee [9,10] defined the notion of admissible HTVS X which claims precisely
the existence of the above approximations. Locally convex spaces are admissible. Non-
locally convex admissible spaces were investigated by the schools of Aachen, Dresden and
Novi Sad in the seventies. Riedrich [21,22] showed admissibility of the spaces Lp[0,1],
0  p < 1. Ishii [7] extended Riedrichs results to a variety of spaces of measurable
functions. Krauthausen [13] showed that the Hardy spaces Hp, 0 p < 1, are admissible.
In 1966 Riedrich [23] extended (unpublished) the notion of admissibility to subsets of
HTVS (see also Krauthausen [13]). For a survey on fixed point theory in HTVS (up to
1984) we refer to the monograph of Hadžic´ [5].
In 1996, investigating the fixed point property for Roberts [24,25] example of a compact
convex set where the Krein–Milman theorem fails, Nhu [16] extends (for compact convex
sets) the definition of C. Krauthausen’s admissible sets defining the notion of weak
admissibility.
The essential difference between admissible and weakly admissible sets turns out to
be that the latter ones do not provide the existence of a uniform finite-dimensional
approximation on the whole considered set. It turns out that weakly admissible spaces
enjoy the so-called simplicial approximation property, see below, introduced by Kalton
et al. [12, Chapter 4] in their F -space sampler.
N.T. Nhu showed the fixed point property for weakly admissible spaces. We are going
to extend this result to the Kakutani [8] fixed point theorem which states, in the case of
compact sets, that any set-valued map F with convex images and closed graph has a fixed
point x , i.e., x ∈ F(x).
The remainder of Section 1 is used to fix some notation. Section 2 provides two technical
approximation lemmas: the first is based on finite covering dimension, the second is related
to the above mentioned simplicial approximation property. The Kakutani fixed point
theorem follows immediately. Section 3 states the non-linear alternative and in Section 4
we discuss the Roberts spaces to substantiate our results.
Let A and B be sets. By 2B we denote the power set of B . A (set-valued ) map
F :A → 2B assigns to each a ∈ A some F(a) ⊆ B . In case of singletons F(a) = {b}
we speak of a function and identify {b} and b. The graph of F is the subset G(F ) :=
{(a, b) ∈ A × B ; b ∈ F(a)} of A × B . A function f :A→ B is said to be a selection
of the map F if G(f ) ⊆ G(F ). If A and B are topological spaces, the map F is said to
be closed if its graph is closed. The map F :A→ 2B is said to be upper semicontinuous
at a ∈ A if for any neighborhood V of F(a) there exists a neighborhood U of a such
that F(U) := ⋃a′∈U F(a′) ⊆ V . F is said to be upper semicontinuous if it is upper
semicontinuous at any point of A. It is well known that a closed map F between compact
spaces is uniformly upper semicontinuous.
Our general setting is a HTVS X. Let V denote a fundamental neighborhood system of
zero consisting of circled sets. Let us agree that, if no misunderstanding is possible, for
any V ∈ V and A ⊆ X the symbol V denotes in addition the set-valued map A  x →
(A∩ (V + x)).
We call a subset P of X Euclidean if P is non-empty and its linear hull spanP is a finite-
dimensional subspace of X. A subset X′ of X is said to be geometrically independent if
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any element x of the convex hull convX′ of X′ has a unique representation as a finite sum
x =∑αx ′x ′ where αx ′ ∈ (0,1], ∑αx ′ = 1, x ′ ∈ X′. Especially any simplex ∆, i.e., the
convex hull of some finite, geometrically independent subset of X is Euclidean.
Let A be a subset of X and O be an open covering of A. The nerve of O is the
abstract simplicial complex whose vertices are the elements of O and whose faces are
those subsets O′ of O where⋂O′ = ∅. The covering dimension of A is the infimum over
all natural n such that any covering O of A admits an open refinement such that the nerve
of this refinement is an at most n-dimensional simplicial complex. Note that the covering
dimension of an Euclidean set P is equal or 1 less than the algebraic dimension d of spanP .
Especially any open cover of P admits a point-star refinement such that the dimension of
its nerve is not greater than d . For details we refer to [30].
2. The Kakutani fixed point theorem for weakly admissible spaces
We start with a preliminary lemma which generalizes [29, Lemma 2.4] to convex-valued
maps.
Lemma 1. Let X be a HTVS and K a non-empty compact convex subset of X. Let
P ⊆X be a compact Euclidean set and F :P → 2K closed with non-empty, convex values.
Then for any V ∈ V , U ∈ V there exists a compact convex Euclidean set P ′ ⊆ X and a
factorization
P
ϕ
VFU K
P ′
ι
(1)
i.e., ιϕ is a selection of VFU.
If in addition spanK is infinite-dimensional and a factorization (1) exists such that P ′
is a simplex ∆.
Proof. Let d be the covering dimension of P . Choose V ′ ∈ V such that
d∑
1
V ′V ′ ⊆ V. (2)
Since F is closed and acts between compact spaces it is uniformly upper semicontinuous.
Thus there exists U ′ ∈ V such that U ′ ⊆U and
FU ′(p)⊆ V ′F(p), p ∈ P. (3)
Let U be the open covering (U ′(p))p∈P of P . Since P is metrizable and the covering
dimension of P is d the covering U admits a finite open point-star refinement U ′ with
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at most d-dimensional nerve. For any O ∈ U ′ choose pO ∈ O . Denote by η the induced
barycentric function η :P → convP , i.e.,
η(x) :=
( ∑
O∈U ′
ρ(x,P \O)
)−1 ∑
O∈U ′
ρ(x,P \O)pO, x ∈ P,
where ρ is a metric compatible with the topology of P and ρ(x,A) := infa∈A ρ(x, a) for
any A⊆ P . η maps into a realization |U ′| of the nerve of U ′ which is contained in convP .
Choose
kO ∈ V ′F(pO)∩K, O ∈ U ′. (4)
Let α : |U ′| →K be the unique extension of the function pO → kO which is affine on any
simplex of |U ′|.
We claim ϕ := αη holds (1). Indeed, P ′ := convα(|U ′|) is a convex compact Euclidean
set, ϕ is defined, since η maps to |U ′|, and apparently continuous. It remains to show the
factorization. Fix some x ∈ P . There are αO ∈ (0,1] such that ∑αO = 1 and ϕ(x) =∑
x∈O αOkO . By (4) and since pO ∈O we infer ϕ(x) ∈
∑
x∈O αOV ′F(O). Since U ′ is a
star-refinement of U there exists p ∈ P such that x−p ∈U ′ and all O of the latter sum are
contained in U ′(p). Thus ϕ(x) ∈∑x∈O αOV ′FU ′(p). Hence ϕ(x) ∈∑x∈O α0V ′V ′F(p)
by (3). Since the nerve of the covering U ′ is at most d-dimensional there are at most d
addends in this sum, hence ϕ(x) ∈∑d1 αOV ′V ′F(p). Since F is convex-valued and V ′
circled we infer by (2) ϕ(x) ∈ VF(p) which, recall x − p ∈ U ′ ⊆ U , concludes the proof
of the factorization.
To prove the additional statement we only note that our choice in (4) should consist of
geometrically independent kO which is, in view of the infinite-dimensionality of spanK
possible. Indeed observe that spanK = span(K ∩ V ′(x)) for any x ∈K . ✷
The upper semicontinuity of the identity id supplies an immediate corollary.
Corollary 1. Let X be a HTVS and K a non-empty compact convex subset of X such that
spanK is infinite-dimensional. Let P ⊆X be a compact Euclidean set. Then for any V ∈ V
there exists a simplex ∆ and a factorization
P
ϕ
V K
∆
ι
The following definition is taken from [16, Section 2] where it is given for metric spaces.
Definition 1. Let X be a HTVS. A non-empty compact convexK ⊂X is said to be weakly
admissible if for any V ∈ V there exists a natural number n, Ki ⊆K compact convex and
continuous functions Ii :Ki →K , i = 1, . . . , n, such that
(i) span Ii(Ki) is finite dimensional, i = 1, . . . , n,
(ii) conv(⋃ni=1Ki)=K ,
(iii) ∑ni=1(Ii (xi)− xi) ∈ V, (x1, . . . , xn) ∈∏ni=1Ki .
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This extends the definition of admissible subsets of HTVS in the sense of Riedrich [23]
and Krauthausen [13] where n is claimed to be 1.
The crucial quality of weak admissibility turns out to be that the simplex of Corollary 1
can be chosen independent of P . More precisely:
Lemma 2. Let X be a HTVS and K ⊆ X weakly admissible. Then for any V ∈ V there
exists a compact convex Euclidean set P ′ ⊆ X such that for all compact Euclidean sets
P ⊆X a factorization
P
ψ
V K
P ′
ι
(5)
exists.
If in addition spanK is infinite-dimensional a factorization (5) exists such that P ′ is a
simplex ∆.
Proof. If spanK is finite-dimensional K is a compact convex Euclidean set and
P
ι
V K
K
ι
proves the assertion.
Otherwise, we infer from Corollary 1 a factorization
P
ϕ′
V K
∆˜
ι
where ∆˜ is a simplex. Hence, adding V , our claim reduces to
P
ϕ′
VV K
∆˜
V
ψ ∆
ι
i.e., we are in position to assume that P is a simplex ∆˜.
Throughout the remainder of the proof we use the notation of Definition 1 where V of
Definition 1 is set to be some V ′ ∈ V . Set Pi := Ii(Ki), i = 1, . . . , n, which are by (i)
of Definition 1 compact Euclidean sets. Choose V ′ ∈ V such that ∑ni=1 V ′V ′ ⊆ V . By
Corollary 1, applied to V = V ′, we infer factorizations
Ii(Ki)
ϕi
V ′ K
∆i
ι
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with simplices ∆i , i = 1, . . . , n, and, recall the proof of Lemma 1, we choose all vertices
∆0i of all simplices ∆i geometrically independent. Thus ∆0 :=
⋃n
i=1 ∆0i are vertices of a
simplex ∆.
We turn now to the construction of ψ . For any vertex xj ∈ ∆˜0 choose xi,j ∈ Ki and
λi,j ∈ [0,1] such that∑ni=1 λi,j = 1 and
xj =
n∑
i=1
λi,j xi,j .
For short notation in what follows we identify any vertex xj with its index j . For any x ∈ ∆˜
there are unique βj (x) ∈ [0,1] such that∑j∈∆˜0 βj (x)= 1 and
x =
∑
j∈∆˜0
βj (x)x
j .
Set αi(x) :=∑j∈∆˜0 βj (x)λi,j , i = 1, . . . , n. Then∑ni=1 αi(x)= 1. Define
ψ(x) :=
∑
αi (x) =0
αi(x)(ϕiIi )
( ∑
j∈∆˜0
βj (x)λi,j
αi(x)
xi,j
)
, x ∈ ∆˜,
which suffices for our purpose. In fact ψ is well defined, continuous and maps to ∆. For
any x ∈ ∆˜
ψ(x)− x =
∑
αi (x) =0
αi(x)
(
(ϕiIi)
( ∑
j∈∆˜0
βj (x)λi,j
αi(x)
xi,j
)
−
( ∑
j∈∆˜0
βj (x)λi,j
αi(x)
xi,j
))
.
Since (ϕiIi )(x ′) − x ′ ∈ V ′V ′ for any x ′ ∈ Ki and V ′ is circled we infer by the above
equality ψ(x)− x ∈∑n1=1 V ′V ′ ⊆ V . ✷
Kalton et al. [12, Chapter 4] call a compact convex subset of a metrizable HTVS where
Lemma 2 holds a set with the simplicial approximation property and they remarked that
such sets have the fixed point property for continuous functions.
We are going to extend this result and derive first our main approximation statement for
convex-valued closed maps between weakly admissible spaces.
Corollary 2. Let X be a HTVS and K ⊆ X weakly admissible. Let F :K → 2K be
closed with non-empty convex values. Then for any V ′ ∈ V there exists a compact convex
Euclidean set P ′ ⊆K and a factorization
P ′
χ
V ′F K
P ′
ι
Proof. Choose V ∈ V such that V V V ⊆ V ′. Since F is uniformly upper semicontinuous
there exists U ∈ V such that G(FU)⊆ G(V F). I.e., it is sufficient to show a factorization
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for VVFU instead of V ′F . By Lemma 2 we infer P ′ and ψ such that for all compact
Euclidean sets P ⊆K the lower triangle in the diagram
P ′
ϕ VVFU
P
ψ
V K
P ′
ι
factorizes. Apply Lemma 1 to P ′ and F to fix P such that the upper triangle factorizes.
Thus we are done. ✷
The Kakutani fixed point theorem follows immediately.
Theorem 1 (Kakutani fixed point theorem). Let X be a HTVS and K ⊆ X weakly
admissible. Let F :K → 2K be closed with non-empty convex values. Then F has a fixed
point, i.e., there exists x ∈K such that x ∈ F(x).
Proof. We infer from Lemma 2 that for any V ′ ∈ V there exists a compact convex
Euclidean set P ′ such that the map V ′F |P ′ admits a continuous selection χ . By the
Brouwer fixed point theorem, see, e.g., [2], χ has a fixed point xV ′ which is apparently
a fixed point of V ′F . Since V ′ was arbitrary we infer a fixed point of F by compactness
of G(F ). ✷
3. The non-linear alternative
In 1933 Leray and Schauder [14] examinated the relationship between solvability of
x = T (x) and λx = T (x), λ ∈ [0,1), in Banach spaces. Starting from this a theory was
established which emphasizes more and more the topological aspect of the underlying
space. For recent developments see [4] and [6]. In our context of compact convex subsets
of HTVS the appropriate statement of this theory is the non-linear alternative.
Theorem 2 (Non-linear alternative). Let X be a HTVS and K ⊆ X weakly admissible.
Let U ⊆K be open in K and containing the origin 0. Assume F :U → 2K is closed and
convex-valued. Then at least one of the following statements holds:
(i) F has a fixed point,
(ii) there exists x ∈ ∂U and 0 < λ< 1 such that x is a fixed point of λF .
Proof. Assume neither (i) nor (ii) holds. Let A := {x ∈ K; x ∈ λF(x) for some 0  λ 
1}. By assumption A⊆ U . Since K is compact there exists an Urysohn function µ :K →
[0,1] which equals 1 on A and vanishes on X \ U . Define G(x) := µ(x)F (x), x ∈ K .
Then G is fixed point free. Indeed, any fixed point x of G must belong to A. Since µ
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equals 1 on A we infer x ∈ F(x) which contradicts our assumption. Since G is closed and
convex-valued we infer now a contradiction from Theorem 1. ✷
4. Roberts spaces
In the absence of local convexity a separating topological dual is sufficient to prove
the Kakutani fixed point theorem (and the Krein–Milman theorem) for compact convex
subsets of HTVS. The topological dual of a HTVS X vanishes iff for any x ∈X \ {0} and
any neighborhood U of the origin there exists a finite Xx ⊆ X such that (i) Xx ⊆ U and
(ii) x ∈ convXx .
In 1976/1977 J.W. Roberts, see [24,25], gave the first, and up to the best knowledge of
the author only, example of a compact convex subset of a HTVS without extreme points.
His construction (which works only for metric spaces) requires an additional feature of the
above Xx : (iii) conv(Xx ∪ {0})⊆ conv({0, x})+U .
Definition 2. Let X be HTVS. A point x ∈X \ {0} is said to be a needlepoint if for any
neighborhood U of the origin there exists a finite Xx ⊆X such that (i), (ii) and (iii) hold.
X is said to be a needlepoint space if all x ∈X \ {0} are needlepoints.
In any needlepoint space Roberts constructed compact convex subsets which have no
extreme points. Following Nhu [19] we call any subset of a needlepoint space, which
is obtained by Roberts method, a Roberts space. Kalton, Peck and Roberts mentioned
(without proof) in [12, Chapters 9 and 4] that Roberts spaces have the simplicial
approximation property (see our remark after Lemma 2) and, therefore, they enjoy the fixed
point property for continuous functions. Nhu and Tri [19] gave a detailed proof of this fact.
Their approximation technique motivates the notion of weak admissibility introduced by
Nhu in [16].
We will not discuss Roberts construction, see [11], [12, Chapter 9] and [26, 5.6], in
detail. To illustrate the Kakutani fixed point theorem and the non-linear alternative for
weakly admissible spaces it is enough to know that there exist compact convex Kp ⊆
Lp[0,1] for 0 <p < 1 which are weakly admissible.
It is worth mentioning that in [20,17,18] the authors investigate the AR-property of the
Roberts spaces.
Definition 3. A compact space X is called an absolute retract (AR) provided it is a retract
of any compact space containing X as a closed subspace.
Under additional assumptions, see [17, Theorem 2(i)], Roberts spaces turn out to be
ARs. In this case our considerations become superfluous since convex sets are acyclic, i.e.,
they have the homology of the one-point space, and the Eilenberg Montgomery fixed point
theorem, see [3], tells us that any closed acyclic-valued map on an AR has a fixed point.
However, on the one hand it is unknown whether all Roberts spaces are AR or not, on
the other hand cones over weakly admissible spaces or, more general, convex hulls of finite
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unions of weakly admissible spaces are weakly admissible, too. So there exists a variety of
weakly admissible spaces where our results substantiate.
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